The algebra of functions on κ-Minkowski noncommutative spacetime is studied as algebra of operators on Hilbert spaces. The representations of this algebra are constructed and classified. This new approach leads to a natural construction of integration in κ-Minkowski spacetime defined in terms of the usual trace of operators.
I Introduction
Some approaches to Quantum Gravity ( [1, 2] ) are based on the the idea that at Planck-length distances geometry can have a form quite different from the one we are familiar with at large scales. In particular, Doplicher et al. [1] explored the possibility that Quantum Gravity corrections can be described algebraically by replacing the traditional (Minkowski) spacetime coordinates x µ with Hermitian operatorsx µ (µ, ν = 0, 1, 2, 3) which satisfy nontrivial commutation relations:
A noncommutative spacetime of this type embodies an impossibility to fully know the short distance structure of spacetime, in the same way that in the phase space of the ordinary Quantum Mechanics there is a limit on the localization of a particle.
However, the idea of the spacetime noncommutativity has a more ancient origin which goes back to Heisenberg and was published for the fist time by Snyder [3] . The motivation at that time was the hope that noncommutativity among coordinates could improve the singularity of quantum field theory at short-distances [4] .
Noncommutative geometry emerges also at the level of effective theories, for example in the description of Strings in presence of external fields [5, 6] , or in the description of electronic systems in presence of external magnetic-background [7] .
There is a wide literature on the simplest "canonical" noncommutativity characterized by a constant value of the commutators [x µ ,x ν ] = iθ µν , where θ µν is a matrix of dimensionful parameters. This noncommutative spacetime arises in the description of string M-theory in presence of external fields [8] .
In this paper we consider another much studied noncommutative spacetime, the κ-Minkowski spacetime, characterized by the commutation relations:
where λ ∈ R \0 represents the noncommutativity parameter 2 . To be simple we shall consider in this paper always λ > 0. This type of noncommutativity, introduced in [9] , is an example of Lie-algebra noncommutativity where the commutation relations among spacetime coordinates exhibit a linear dependence on the spacetime coordinates themselves [x µ ,x ν ] = iζ ρ µνxρ , with coordinate-independent ζ ρ µν . This algebra was proposed in the framework of the Planck scale Physics [10] as a natural candidate for a quantized spacetime in the zero-curvature limit.
Recently, κ-Minkowski gained remarkable attention due to the fact that it provides an example of noncommutative spacetime in which Lorentz symmetries are preserved as deformed (quantum) symmetries [11, 12] . In particular, Majid&Ruegg [9] characterized the symmetries of κ-Minkowski with the so called κ-Poincaré algebra [13] already known in the Quantum Group literature as significant example of deformation of the Poincaré algebra.
The analysis of the physical implications of the deformed κ-Poincaré algebra has led to interesting hypotheses about the possibility that in κ-Minkowski particles are submitted to modified dispersion relations [14] . And various investigations [15, 16] prove that this deformation agrees with the postulates of Doubly Special Relativity theories [17] , recent relativistic theories with both an observer-independent velocity scale and an observer-independent length scale (possibly given by the Planck length).
Over the past few years there has been a growing interest in the construction of field theories on κ-Minkowski (see for example [12, 18] ). The techniques used are essentially based on the introduction of a deformation of the product among the coordinate functions. Such a deformed product (called star-product) replaces the commutative product and makes it possible to map a noncommutative theory into a theory with commutative functions multiplied through deformed product [19] . In this way an analysis of field theories in noncommutative spacetime results to be quite similar to the one adopted in the ordinary commutative spaces.
However, several technical difficulties are encountered in this construction, and the results obtained so far are still partial, especially in comparison with the result obtained for the canonical noncommutative spacetime [20] .
In this paper we propose a new approach to the study of κ-Minkowski spacetime based on the analysis of κ-Minkowski algebra as algebra of operators represented on Hilbert space. Besides the interest this analysis provides by itself, it might also prove useful in understanding the source of the technical problems encountered so far in the construction of a κ-Minkowski field theory.
The central point of our line of analysis is to write the fields in κ-Minkowski as Fourier expansion in plane waves, as we usually do in commutative field theory, with the difference that in this case the plane waves are functions of noncommutative coordinates. These waves are shown to be the elements of a unitary Lie group corresponding to the κ-Minkowski algebra. In this way the problem of the representations of the κ-Minkowski fields reduces to the problem of the representation of a Lie group of κ-Minkowski.
We show that it is possible to obtain a Schrodinger representation of this group on L 2 (R) by introducing Jordan-Schwinger maps [21] between the Quantum Mechanics operators of position and momentum and the generators of κ-Minkowski algebra.
The Schrodinger representation is the simplest one but is not the only one possible. We study the problem of the existence and the classification of the other representations of κ-Minkowski group.
Since κ-Minkowski group is a semidirect-product group, using the technique of induced representations, we are able to classify all unitary irreducible representations of κ-Minkowski group. We discover that they are all unitarity equivalent to two classes of Schrodinger representations.
As the κ-Minkowski fields can be represented as operators on Hilbert space they form a C * -algebra and we show that, under some hypotheses, this is the C * -algebra of compact operators on L 2 (R, dµ), with a particular choice of nontrivial measure dµ.
Moreover the knowledge of representations of κ-Minkowski algebra leads to a natural construction of integration in κ-Minkowski as trace operators. We show that we recover in this way a proposal of cyclic integration recently obtained in literature with different approaches. The cyclic integration involves the presence of the dµ, which seems a characterization of κ-Minkowski with respect to noncommutative spaces with canonical structure (including the Quantum Mechanics phase space).
The paper is organized as follows. In Sec. II we introduce the algebra of κ-Minkowski spacetime. In Sec. III we construct the Lie group corresponding to the κ-Minkowski algebra. Sec. IV is devoted to the representation theory. In the first part of the Section we use the Jordan-Schwinger maps to obtain the Schrodinger representation (on L 2 (R)) of the κ-Minkowski group. In the second part of the Section the technique of the induced representations allows us to prove that all irreducible unitary representations of the κ-Minkowski group are unitarily equivalent to the Schrodinger one. In Sec. V we discuss the properties of the κ-Minkowski C * -algebra. Finally, in Sec. VI we construct an integral in κ-Minkowski using the trace of operators.
II κ-Minkowski Spacetime
Let us consider the four-dimensional Minkowski spacetime R (3, 1) . It can be viewed as a vector space with basis given by the real coordinates x µ 3 . This vector space can be made into a (Abelian) Lie algebra g 0 by introducing a trivial bilinear operation (Lie bracket) [, ] :
Now let us consider the flat vector space R (3,1) with basisx µ and replace the trivial Lie bracket (II.1) with the following one
The flat vector space R (3, 1) endowed with this Lie bracket is called κ-Minkowski spacetime. The κ-Minkowski coordinatesx µ with relations (II.2) generate the κ-Minkowski Lie algebra g λ . In the limit λ → 0 the commutative Minkowski algebra is recovered lim
As we mentioned in the Introduction, we are interested in the extension of the notion of classical fields 4 to κ-Minkowski noncommutative spacetime.
A classical field on the commutative Minkowski spacetime R (3, 1) can be viewed as Fourier expansion in plane waves
wheref (w, k) is the Fourier transform of the function f (x), and the function e iwx 0 −ik j x j has the meaning of plane wave associated to the particle described by the field f (x). The conjugate variables k µ have the meaning of energy-momenta of the particle. Inspired by the commutative case we write the noncommutative fields in κ-Minkowski as Fourier expansions in noncommutative exponential functions. But because of the noncommutativity of the coordinatesx µ there is an ambiguity in generalizing the exponential function e i(wx 0 −k j x j ) to the noncommutative case. One possibility is the time-to-the-right exponential
but the alternative choice e ikµx µ and many others are also possible. However, since all these maps are connected by a change of the variables k µ (see [16] ) the particular choice of map is not relevant for our study. In this paper we prefer to base our formalism on the time-to-the right notation only because it involves some advantages in the calculations.
Using the time-to-the right exponential the κ-Minkowski generalization of (II.4) takes the form
wheref (w, k) is the classical Fourier transform of the commutative function f (x). The commutative case suggests the interpretation of the noncommutative functions e −ik jxj e iwx 0 as noncommutative plane waves associated to the field F (x). This "quantization" is conceptually similar to the Quantum Mechanics quantization (see [22] ) for a detailed description). The basic observables of Quantum Mechanics (Q j , P j ) satisfy the Heisenberg algebra (or canonical) commutation relations
and the Weyl quantization of the Phase Space is given by the following map
which has exactly the same structure of the map (II.6). The operators W (f ) are called Weyl operators. In analogy with this name we call the operators W(f ) κ-Weyl operators.
The structure of the algebra of Weyl operators (II.8) has been largely investigated in literature. It is a C * -algebra of the compact operators on L 2 (R), and its representations on Hilbert space are very well-known.
The algebra of κ-Weyl operators (II.6) instead is quite new and there are no studies about its representations on Hilbert spaces. The purpose of the present paper is to investigate this problem. Since the κ-Weyl operators are Fourier expansions in the elements e −ik jxj e iwx 0 we are essentially interested in the representations of these elements. As we show in the next Section they are the elements of a unitary Lie group associated to the κ-Minkowski Lie algebra g λ . Thus we are essentially interested in representing this group.
III κ-Minkowski Lie Group
In this section Lie groups corresponding to the κ-Minkowski algebra g λ are constructed. The technique we use is based on the Baker-Cambpell-Hausdorff (BCH) formula and represents a generalization of the technique employed in the construction of the Heisenberg group (II.7). We start this section by reviewing the construction of the Heisenberg group and then we generalize the procedure to the case of κ-Minkowski.
The Heisenberg Group
The Heisenberg algebra (II.7) can be reformulated as a Lie algebra by introducing a further basis vector C such that
the relation to the previous commutation relations (II.7) being that they correspond to the case C acts by . Introducing the bilinear antisymmetric form S on R 2n
these commutation relations can be written
and introducing the generators
A Lie group associated to the Heisenberg algebra can be obtained by using the BCH formula (see [23] )
The identification of the element α, β, γ ∈ R 2n+1 with the element e T (α,β,γ) makes R 2n+1 into a group, called Heisenberg group, with law
We notice that the elements e i j α j Q j +β j P j present in the Weyl-quantization map (II.8) are elements of a unitary Heisenberg group with γ = 0.
The κ-Minkowski Group
In [24] we have shown that the construction of the Heisenberg group (III.2) can be generalized to any Lie-algebra. The only difference is that the composition law is not longer Abelian.
We can show the result in the case of κ-Minkowski by simple reproducing the procedure adopted in Heisenberg's case. It is sufficient to work in 1+1-dimensions, the result being straightforwardly generalizable to any dimension.
Let us write the commutation relations of 1+1-dimensional κ-Minkowski algebra in the form
By introducing the generators T = αx 0 + βx we see that
As in the case of the Heisenberg algebra a Lie group associated to the κ-Minkowski algebra can be obtained by the BCH formula
where T = T (α, β) and
The series in the exponential function at the right side has been computed [25] and the following relation has been obtained
where φ(α) = i(1 − e iλα )/λα. Also in this case, as in the Heisenberg-group case, the identification of the element α, β ∈ R 2 with the element e T (α,β) makes R 2 into a group. We could take this to be the Lie group corresponding to the κ-Minkowski algebra g λ , however we prefer to use a slightly different group isomorphic to this. We see from (III.3) that the element exp(T (α, β)) can be written as
with the following group law for (w, k ′ )
This relation is easily generalized to 1+3 dimension
Thus we have found that the "plane waves" {e −ik jxj e iwx 0 , w, k j ∈ R} in (II.6) are the elements of the unitary Lie group for the κ-Minkowski Lie algebra g λ with composition law (III.5). We shall refer to this group as the κ-Minkowski-group and we shall denote it with the symbol U λ .
IV Representation Theory
In this section we look for irreducible representations of the κ-Minkowski group U λ on Hilbert spaces. Let us remind that a representation of a group G on a Hilbert space H is a map ρ : G → L(H) of G into a set of linear operators on H satisfying the conditions
where {e} is the identity of G. The dimension of the representation is defined as the dimension of H.
First of all we notice that U λ is a solvable group. For any two elements x, y ∈ G the set of elements q = xyx −1 y −1 form a group Q called commutant of G. Set Q ≡ Q 0 and be Q 1 the commutant of Q 0 , Q 2 the commutant of Q 1 etc... If for some m we have Q m = {e} then the group G is said solvable. It is easy to check from (III.5) that for U λ the second commutant is Q 1 = (0, 0), then U λ is solvable.
For solvable Lie groups Lie's theorem states that (see [26] ): Lie Theorem: Every finite-dimensional irreducible representation of a connected topological, solvable group G is one-dimensional.
It is easy to see that the only one 1-dimensional irreducible representation of U λ is realized for λ = 0 and it coincides with the representation of the Abelian group on the real line R. But we are interested in the irreducible representations of κ-Minkowski for λ = 0 then we have to search for them in infinite dimensional Hilbert spaces.
In the first part of this Section, we show how to obtain some irreducible representations of U λ by using the Jordan-Schwinger maps. In particular, we give the explicit expression of two-classes of Schrodinger representation of U λ on L 2 (R). In the second part we use the technique of induced representations to prove that all the possible irreducible representations of U λ are unitarily equivalent to the two-classes of Schrodinger representations above.
IV.1 Construction of κ-Minkowski representations using Jordan-Schwinger maps
Here we show that the representation of the generator Q j , P j of the Heisenberg algebra provides us an easy way of obtaining representations of the κ-Minkowski generatorsx µ . Our idea is based on the introduction of Jordan-Schwinger maps π from the coordinatesx µ of κ-Minkowski to the generators Q j , P ĵ
These maps can be extended to the exponential functions e −ik jxj e iwx 0 obtaining the representations of the κ-Minkowski group on the Hilbert spaces on which the Heisenberg algebra is represented.
The JS map was originally introduced by Schwinger to deal with angular momentum in terms of harmonic-oscillator creation and annihilation operators (a j , a * j ), j = 1, 2, satisfying the standard commutation relations:
A realization of SL(2) in terms of a, a * is given by:
In the paper [21] a generalization of Jordan-Schwinger map is given for all three dimensional Lie-algebras. The following form of the Jordan-Schwinger map π + is suggested for the generators of 1 + 1-dimensional κ-Minkowski Lie algebra
This map is easily extendible to the 1 + 3-dimensional case but we prefer to work in two dimensions and then to extend the result to four dimensions. Let us check that the JS map above is a Lie-algebra homomorphism
and in particular, it is a Lie-algebra *-homomorphism
Thus this map reflects the hermitian property ofx µ . The creation and annihilation operators (a, a * ) can be connected to the the Quantum Mechanics generators ([Q, P ] = i) by the following relations
and in terms of (Q, P ) the JS map takes the form
This map is not unique. A wide class of JS maps can be constructed from (IV.6) by canonical transformations
However another class of JS maps exists which is not possible to connect with the previous one. In fact consider the map
which also reproduces the κ-Minkowski commutation relations. Despite the two maps differ by a sign, it is not possible to find a transformation Q, P → Q ′ , P ′ that maps π − (x) with π + (x). As we shall see later, this fact has implications in the classification of the irreducible representations of κ-Minkowski group.
The JS maps allow us to represent the operatorsx µ on the Hilbert spaces in which the generators Q, P of the Heisenberg algebra are represented.
Here we focus on the Schrödinger representation of the Heisenberg algebra, without worrying about other representations. The Stone-Von Neumann theorem states in fact that once we have chosen a non-zero Plancks constant, the irreducible representation of the Heisenberg algebra is a unique (see [23] ). The Hilbert representation space of the Schrödinger representation is L 2 (R), the vector space of all square integrable complex-valued functions on R,
The generators Q, P are represented in the following way on L 2 (R)
Through the map (IV.6) we get the Schrödinger representation ofx µ on L 2 (R)
where ψ(x) ∈ L 2 (R).
If we extend the map π + as *-homomorphism to the UEA of κ-Minkowski Liealgebra g λ such that
we obtain the following map π + on the elements of the κ-Minkowski group U λ
Representing this operator on ψ(x) ∈ L 2 (R) we obtain
In this way we have obtained a map
The same procedure for the map π − (IV.7) leads to the following unitary representation of U λ on L 2 (R)
At this level of discussion we have only exhibited two kind of representations of U λ and we have shown how they can be obtained through JS maps. We don't want to analyze here the problem of classification of all representations of κ-Minkowski group. In the next section however we shall prove that any irreducible representation ρ can be connected by a unitary transformation U to the representation ρ + or ρ − which exhaust the classification of all irreducible representations of κ-Minkowski group.
It is easy to prove that these representations are irreducible. We show it in the case of ρ + . Suppose that it exists a subspace V ⊂ L 2 (R) left invariant by ρ + (w, k). Consider a nonzero vector ψ ∈ V and a vector φ ∈ V ⊥ where V ⊥ is orthogonal to V . Since ρ + (w, k)ψ ∈ V , we have that φ, ρ + (w, k)ψ = 0, ∀w, k ∈ R and using the explicit representation of ρ + (w, k) dx e −iλke − x λ φ(x)ψ(x + λ 2 w) = 0 ∀w, k ∈ R which can be rewritten as −λ dy θ(y) y e −iky φ(λ log( λ y ))ψ(λ log( λe λw y )) = 0 ∀w, k ∈ R which means that θ(y) y φ(λ log( λ y ))ψ(λ log( λe λw y )) = 0 ∀w ∈ R, ∀y ∈ R + setting y = λe −λ −1 x we get
Since ψ = 0 and w is arbitrary then φ = 0 and V ≡ L 2 (R).
IV.2 Construction of κ-Minkowski representations using the technique of the induced representations
As we show below κ-Minkowski group (III.4) is a semidirect-product group and in the case of semidirect products the technique of the induced representations is very powerful. In fact there is a Theorem [26] stating that every irreducible unitary representation (IUR) of a semidirect product G is induced from the representation of a proper subgroup of G. Thus, this technique allows us to classify all IUR representations of the group. We say that a group G is the semidirect product of two proper subgroups S, N ⊂ G, and we denote it as G = S ⋉ N , if i) the subgroup N is normal, i.e. for any g ∈ G and n ∈ N the element gng −1 is still in N . ii) every element g ∈ G can be written in one and only one way as g = ns, where n ∈ N and s ∈ S.
The group S acts on N by conjugation. Let s ⊲ n denotes the action of s ∈ S on n ∈ N :
We can write the elements of G as ordered pairs g = (s, n), and imagine that the subgroups S = (s, 0) and N = (0, n). The composition law of the semidirect product G = S ⋉ N takes the following form
where the symbol · denotes the composition law in S and N . In the case of the κ-Minkowski group U λ (III.4), we can identify the groups S and N as the two Abelian subgroups S = {(w, 0), w ∈ R} and N = {(0, k), k ∈ R}. The composition law · is the the standard sum. The action of S on N is given by s ⊲ n = sns −1 = (w, 0)(0, k)(−w, 0) = (0, e −λw k) (IV.14)
Identifying the element (0, w) ≡ w and (0, k) ≡ k we write the action above as
The construction of induced representations of a semidirect product S ⋉ N is based on two notions:
• the orbitsÔn which are the set of all points inN (the dual space of N ) connected to a pointn ∈N by the action of S onn.
• the stability group SÔn which is a subgroup of S which leaves invariant the orbitÔn (k ⊳ w =k, for any w ∈ SÔn,k ∈Ôn).
By definition, the dual space of a group is the set of equivalence classes of all continuous, irreducible unitary representations of the group. Since in κ-Minkowski case N is Abelian, any irreducible representation of it is one-dimensional, then it is represented in the complex space C. The unitary irreducible representation of N consists then of the functionsn : N → C such that
Notice that this is just the definition of characters of N , thus the spaceN coincides with all characters of N . In our case N = {(0, k)} ∼ {k} and we denote withk ∈N the dual of k ∈ N . As N is isomorphic to R then, every characterk(·) has the form
and alsoN is isomorphic with R (and with N itself). Using the duality between N andN we find the action of S onN
Thus the action of an element w ∈ S onk ∈N is given bŷ
The set of allk ⊳ w for a givenk ∈N and ∀w ∈ S, is called orbit of the character k, and is denoted byÔk. Two orbitsÔk 1 andÔk 2 either coincide or are disjoint. Thus the dual spaceN decomposes onto nonintersecting sets.
In our case, the orbitÔk of the pointk ∈N is the setÔk = e −λwk for all w ∈ R. We can identify each orbit with its valuek = l at w = 0. Thus, we can distinguish two type of orbits:
1. the orbits with l = 0 2. and the orbits with l = 0
The first set of orbits does't have any stability group SÔ = {0} ⊂ S, while the second orbit is a fixed point under the action of any element of S, then SÔ = S.
In order to construct an classify the IUR of κ-Minkowski we use the following theorem which states that every irreducible representation of a group G of semidirectproduct type is induced from the representation of a subgroup K ⊂ G. iii) The representation ρ L in ii) is irreducible. (for a proof see [26] )
According to this Theorem, every irreducible, unitary representation of the κ-Minkowski group (III.4) is a representation induced by an irreducible unitary representation of the stability subgroup S O ⋉ N associated to the orbits l = 0 or l = 0.
In Appendix A the explicit form of the representation ρ L (w,k) of the element (w, k) ∈ U λ is constructed:
1. Case l = 0. The representation is induced by the representation L of {0} ⋉ S = S ∼ R, and takes the form
where ψ ∈ L 2 (R; C). This representation is parametrized by the parameter l = 0. We discuss the case 1 in more detail. The parameter l has the dimension of a length and we can write it by using the natural length scale of our model i.e. the noncommutativity parameter λ, and since l = 0, we write
We split the discussion of the case 1 into two subcases characterized by the positive and negative sign of the parameter l. Let us focus on the first subcase
Let us introduce the unitary transformation
We see that
This result shows that any representation with α is unitarily equivalent to the representation with α = 0 which coincides with the Schrödinger representation ρ − (w, k) obtained with JS map (IV.7). The same thing happens for the second subcase where the representations with different α are all unitarily equivalent to the representation ρ + (w, k) obtained with JS map (IV.6).
At the end of the day we found that for the case l = 0 (which is the one we are interested in) the irreducible representations of κ-Minkowski group are all unitarily equivalent to the two inequivalent representations ρ + (w, k) and ρ − (w, k) obtained with the JS maps π ± U * ρ
V C * -algebras C * -algebra of Weyl operators
As we mentioned in the Introduction, the Weyl quantization of a function f (q, p) of the classical phase space R 2 is the linear map
wheref is the Fourier transform of f , andf ∈ L 1 (R 2 ). Using the Schrödinger representation of Q, P , W (f ) can be represented on L 2 (R) as follows
This can be written by introducing the kernel K(x, y) of the operator W (f )
with the kernel given by
Sincef ∈ L 1 (R 2 ), then the operators W (f ) are bounded operators on L 2 (R)
The set all bounded operators W (f ) on L 2 (R) equipped with the standard product, the norm
and the involution given by the adjoint operation on L 2 (R), is a C * -algebra. We show now that the C * -algebra generated by W (f ) is a C * -algebra of compact operators on
The trace can be computed with the kernel in the following way
Since the map f → K f is unitary, hence norm preserving, we have that
hence for f ∈ L 1 since ||W (f )|| ≤ ||f || 1 and the norm limit of compact operators is compact [23] .
The linear map (II.6)
can be represented on L 2 (R) using the representation (IV.19) (setting l = 1 to be simple)
The set all bounded operators W(f ) on L 2 (R) equipped with the standard product, the norm
and the involution given by the adjoint operation on L 2 (R), is a C * -algebra. Now we ask under which hypotheses the κ-Minkowski operators W(f ) are compact operators. Following the case of Weyl operators W (f ) we compute the trace
where the kernel K W(f ) is given by
A direct calculation shows that
Thus the κ-Minkowski operators W(f ) are Hilbert-Schmidt operators if f ∈ L 2 (R 2 , dµ) with dµ = λdzdxθ(x)/x. And, as we showed for Weyl operators,
since ||W(f )|| ≤ ||f || 1 and the norm limit of compact operators is compact.
VI Construction of a cyclic integration on κ-Minkowski
In this section we focus on one particular choice of representation which gives an interpretation of our spacetime similar to the one of the phase space in QM. It can be useful to remind some notion of QM in terms of "bra-ket" notation. If we give Q the meaning of the quantized position of a particle we can write the equation
where |x is the eigenvector of position. The state |α of a physical system can be expanded in terms of |x :
where | x|α | 2 dx is the probability that the particle be observed in the interval (x − dx, x + dx). In this formalism the inner product x|α is called wave function for the physical state |α and is written as
Thus in QM the Hilbert space we consider is the space of the wave functions ψ α (x) and the generators of Heisenberg algebra act as
We can repeat the same description for κ-Minkowski spacetime. In QM we associate the system with a eigenfunction of Q and it is not longer possible to have a description in terms of a simultaneous functions of phase space variables P and Q. In the case of κ-Minkowski noncommutative spacetime we can describe a physical system with a eigenfunction of the space coordinate-operatorsx j , but not with a function of the spacetime coordinatex µ becausex 0 andx j do not commute.
In analogy with the QM case, we want to use a representation of κ-Minkowski algebra such that
This equations force the representation ofx 0 to be
with F (x) real forx 0 to be Hermitian, and the factor λ for the right physical dimensions. The case F = 0 is very difficult to menage and we postpone it to future studies. Here we consider the simple case F = 0. The JS map (VI.6) with F = 0 is connected with the JS maps π ± through the transformation
We notice that the transformation Q → e We show in Appendix B how the two representation of the κ-Minkowski group ρ and ρ + , obtained from the JS maps π and π + , are unitarily equivalent, i.e., there is a unitary transformation U :
Now we use of the representation (VI.6) of the κ-Minkowski algebra in order to immediately obtain a rule of integration for the κ-Minkowski fields.
Let us remind that the trace of the operators W(f ) is defined as
where K(x, x) is the kernel of W(f ) obtained by using the representation (VI.6)
It then easy to see that
and finally we obtain
The result can be extended without any problem to 3 + 1 dimensions using the representations on L 2 (R 3 )
and, using the Fourier transform formulas, the result can be written as:
In this way we found that this definition of trace of the κ-Minkowski fields corresponds to the cyclic integral on κ-Minkowski spacetime obtained in [16] and [27] . In these works a cyclic integral measure is obtained by imposing the cyclicity condition with respect the star product
This condition is fulfilled in a natural way by the request that the integral in κ-Minkowski correspond to a trace of operators on Hilbert space
VII Summary and Outlook
The Weyl formulation of Quantum Mechanics is based on the introduction of (Weyl) operators. Looking for a formulation of a field theory in κ-Minkowski noncommutative spacetime a generalization of Weyl operators has been introduced. In this paper we studied the problem of the representations of these κ-generalized Weyl operators on Hilbert spaces. They are essentially Fourier expansions in terms of elements of the Lie group of κ-Minkowski. Therefore it has been sufficient to study the representations of κ-Minkowski group. Introducing Jordan-Schwinger maps between Quantum Mechanics generators and κ-Minkowski coordinates the representations of κ-Minkowski group is immediately obtained. However many Jordan-Schwinger maps, related by canonical transformations, are possible giving rise to several representations of κ-Minkowski group. The problem of the classification of all unitary irreducible representations has been solved by the technique of induced representations, and we found that all irreducible unitary representations of κ-Minkowski group are essentially led back to two types of Schrödinger representations on L 2 (R). As a natural application of the representation theory one can construct an integration on κ-Minkowski spacetime as trace of operators. This integration is automatically cyclic in the arguments and reproduces the result obtained in literature using a different approach. The cyclic integration involves the presence of a nontrivial measure dµ, which seems a characterization of κ-Minkowski with respect to noncommutative spaces with canonical structure (including the Quantum Mechanics phase space as well). The approach of the present paper, based on the representations of κ-Minkowski fields as operators on Hilbert space, opens a new way to study a field theory on κ-Minkowski noncommutative spacetime. As one interesting application of this approach one could construct the area and volume operators in κ-Minkowski and to compute their spectra. This could provide a comparison with the results of Loop Quantum Gravity where a detailed computation of the area/volume spectra has been done.
The unitarity is simply proved by noticing that
If we consider H = SÔ ⋉ N , where SÔ is the stability group of the orbitÔ, the formula (A.1) can be rewritten making use of the following Lemmas.
where (sÔ, n) ∈ H = SÔ ⋉ N , andn f is the fixed point under the action of SÔ (n f ⊳ sÔ =n f for any sÔ ∈ SÔ. Proof: it is easy to see that
and L * (sÔ,n) = n,n f L −1
Lemma 2. The set of function u ∈ H L , such that u(hg) = L h u(g) for any h ∈ H = SÔ ⋉ N , can be written as u(g) = n,n u(s), g = (s, n) (A.2) with the condition u(sÔs) = L sÔ u(s) for any sÔ ∈ SÔ.
Proof: Let h = (s ′Ô , n ′ ) then a simple calculation shows that
= n ′ + s ′Ô ⊲ n,n f u(sÔs) = n ′ ,n f s ′Ô ⊲ n,n f u(s ′Ô s)
We notice also that the homogeneous space X = [SÔ ⋉ N ] G is isomorphic to the space of the orbitsÔ and since the stability group is S, we have that u(s + s 0 ) = L s 0 u(s) for any s 0 ∈ S. Thus the induced representation is the one-dimensional representation, that is the character ρ 
